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The linear integrals of a2 mechanical system are classified according to the solu-
tions of the Killing equation and of the form of the generalized forces, An exam-
ple of a mechanical system with two degrees of freedom which has a generalized
force function but no linear integral, was given in [1],

Let A,g* = ¢ be the linear integral of a mechanical system with two degrees of
freedom, This requires that [1]
Vidx + Vihy =0 (1)
AQ* =0 @
Considering OTds .
£ = ds* = g dgrdgr
as a linear element of the two~dimensional Riemannian space V, we find, that the fol-
lowing possibilities [2, 3] may be given to the Killing equation (1), Equations (1) have:
a) no solution,
b) one solution, or
c) three solutions,
In the case (a) Eq, (1) has no solution, hence the mechanical system has no linear
integral, In the cases (b) and (c), using integrable transformations the linear element
can be reduced to the form

2T dit = ds* = V (g") [(dg")? + (dg?)?] )
then it is said that the rotation metric is given [2]. It has been shown that each rotation
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metric defines a swface of revolution,

In the case (b), A, =0, Ay =V
is 2 unique solution of (1) defining a vector parallel to the surface, Condition (1) implies
that Q% == 0, i.e, that the generalized force acts along the meridian, is the necessary
condition for a linear system to have a linear integral, When this condition holds, the
system has a single linear integral, otherwise it has no such integral,

In the case {c) the Riemannian space has a constant Gaussian curvature X, and Egs,
(1) have three independent solutions. A method for obtaining these solutions for ¥V,
with a metric of the form (3) was given in [3]. Let us denote these solutions by A, *;i =

= 1, 2, 3, where % = 1, 2. Any solution A, can be written as a linear combination
of A, namely

e = M3T +M3T, + M3T s, T, T,. Ty =const
When Q' = Q2 = 0, the mechanical system has three independent linear integrals

Aulg* = ¢, Mlg* = c?, Mg * = ¢
If at least one .J# is not zero, then
Q' = — p (Tih' + Toh® + T5dy®), Q% = p (TyA* + Tohy® + T3y (4)

is the necessary condition for the mechanical system to have a linear integral, and in
this case it has a single linear integral, Suppose that another independent solution My
of (1)exists satisfying (4), This solution will have to be collinear with A,. But this was
shown in [1] to be impossible, When condition (4) does not hold, the mechanical system
has no linear integral,

Let us consider the case (b) in more detail, The following theorem shows what form
the force function U must have for the mechanical system to have a linear integral,

Theorem, The necessary and sufficient condition for a mechanical systemn in
the case (b) to have a linear integral, is, that the force function U is a function of the
Gaussian curvature K, i, e, itis U (K).

Proof, We know that [1]

(ViRlks + V Rhx) by = 2 (Rhaej, + Riscery) (5)
When the system has two degrees of freedom and £ = 1, s = 2, we have
!
Riners + Riney = (Rlgy + Rin) €13 = g%y (Rig1a + Ryzyy) = 0

The relation (5) therefore becomes

(VJ.Rzl?f + Vngx:Z) N=0 (6)
Taking into account the fact that R;;,; = K (8281 — gi18y»). We find that [4]
VsBijn: = VK (gir&1; — 8ugin)
which on substitution into (6) yields

(822811 — £21812) Vi KA + (€11821 — £1182) Vo KA =0 )

Since in the case (b) the curvature K is not constant, it follows that at least one V4, K
is not zero, Transforming (7) we obtain

VKM + V,KA? = V KA* =
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Consequently

M=¢"VK (8)
where 4% is a bivector [2]. Using the condition (2) and the relation Q; = U / aql,
we find VKU =0

which shows that U/ and K depend on each other, i.e, U = U (K).
Conversely, let us assume that U = U (K).Then for the generalized forces we find
Q;=(dU /dK)V,;K

Since the condition (8) holds, we must find whether the condition (2) also holds, Indeed,
MQ; ="V K 35~ V;K =0

which proves the theorem,
Corollary, Let,under the conditions of the Theorem, gy, depend only on one of th
the variables, say g (¢'). Then [4]

Ry (9)

= gugn—gn®
Both, the numerator and the denominater depend only on ¢!, Consequently K = K (g
According to the theorem [ = U (g!). Thus if gy (%), the condition that U (g*)
is necessary and sufficient for the mechanical system to have a linear integral,
Consider the example analyzed in [1]

2T = A¢™® + B0 4+ 2Ccos (0 — @) ¢'6’
A4 = 1‘/3mr2, B = 4/3"“‘2’ C = mr2
U = 3mgrcos ¢ + mgrcos 0

Changing the variables according to the rule ¢* = 0 — @ and ¢® = ¢ we obtain
2T* = A(¢¥)* + B (¢ + ¢*)* + 2C cos ¢* (¢ + ¢*) ¢**

U*= 3mgr cos ¢* 4 mgr cos (g* + ¢2)
We see that g (¢'). The force function U depends on g2, since
- oU | 8g* = — mgrsin ?;1“'{” g% =+ 0.
From the corollary it follows that the system has no linear integral, as was shown
directly in [1].
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